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The boundary conditions a r e  cons idered  for  the  hydrodynamic  equation of [1, 2] for  highly 
nonequl l lbr tum dia tomic  gas with v ibra t iona l  re laxat ion.  

The behav io r  of an ideal monatomic  gas indicates  that  one has to de te rmine  the boundary conditions 
by solving Bol tzmann ' s  equation in the Knudsen layer .  To solve the  analogous p rob l em for  a polyatomic  
gas with in ternal  degrees  of f r e edom  one natura l ly  uses  the genera l ized  Bol tzmann kinetic equation [1] 

~] ~ I (f'l~' - -  1/~) adp (1) (3 Or ~- 
(N~,NI',N') (P) 

Here  f = f ( r ,  c, N), a d P = a  (g, X, b, N, N1, N',  Ni') bdbds while g is the  re la t ive  veloci ty  of 
the colliding pa r t i c l e s ,  s and • a r e  the angles  between the d i rec t ions  of g and n, dn is an e lement  of solid 
angle reckoned f r o m  the cen te r  of pa r t i c l e  f l ,  a is the probabi l i ty  of coll is ion of two molecules  involving 
change in N and N 1 to N' and NI' ,  de 1 is an e lement  in ve loc i ty  space  for  par t ic le  f l ,  while the summat ion  is 
t aken  over  all  va lues  of the quantum numbers  for  the v ibra t iona l  levels  and it is a s sumed  that  degenera te  
s ta tes  a r e  absent.  

Apar t  f r o m  (1) one needs to specify the d i s t r i b u t i o n f e  in the region externa l  to the Knudsen l aye r  and 
the boundary condition for  f at the su r face  of the body. The f e  fo r  the case  of a p lanar  flow of diatomic 
gas t akes  [2] the f o r m  

/ m \'/~rx2 / %~)]-~exp( mC~ e~ )  
2 k T  k T  i , 

OT 8V r A 1 (C, EN, T, T~) G ~ ~- As (C, EN, T, Ti) C OTi ---~r + B(C, Ezv, T, Ti)C~ + A3(C, EN, T, Ti) (2) 

He re  C = c - V  is the  ve loc i ty  of the r andom motion, while T and T i a r e  the t e m p e r a t u r e s  of the  t r a n s -  
lat ional  and v ibra t iona l  degrees  of f reedom,  At, A2, A3, B a re  s ca l a r s ,  C~ is a s y m m e t r i c a l  nondtvergent 
t enso r ,  and E N is the in ternal  v ibra t iona l  energy  in s ta te  N: 

GO~Or = C~O/Ox + CuO/Oy 

C~ 8 V / b r  is the b i s tab le  product  of the t e n s o r s  C~ and 0 V / O r  (x, y, z) is a r ec tangu la r  s y s t e m  of 
spat ia l  coordinates .  

As the kinet ic  boundary condition we a s s u m e  that  a f rac t ion  ( 1 -  a) of the incident molecules  is r e -  
f lec ted  specu la r ly ,  while the other  pa r t  a is at f i r s t  adso rbed  and then is emi t ted  by the wall  with a Max- 
wel t ian dis t r ibut ion f(o) at different  t e m p e r a t u r e s  T w and Tiw for  the t r ans l a t iona l  and v ibra t iona l  deg rees  
of f reedom:  

{ ,~ V/, 
f +(c.~, %, c~, E.~) = (4_ --  ~) 1- (c~, -- c~,, c ,  EN) + ~ \ 2~---ff-~-w / X 

• rx-1 exp / EN ,1- '  ,nc~ Ely 
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H e r e  (x, y, z) is a r e c t a n g u l a r  coord ina te  s y s t e m  in the  p l ana r  flow a round  the s u r f a c e  y =0 (the y 
axis  is d i r e c t e d  along the  e x t e r i o r  no rma l ,  while  the x axis  l ies  along the flow di rec t ion) .  

Boundary  condit ion (3) co inc ides  to  0 ((Pc) for  Tw =Tiw with the  condit ion used  in [3]; we note he re  
that  the  der iva t ion  of the  boundary  condi t ions  for  a po lya tomic  gas given in [3] does not contain an ana lys i s  
of the solution to  the  k ine t ic  equation in the  Knudsen  l a y e r  and so cannot  be r i g o r o u s .  

We use  l inked a s y m p t o t i c  expans ions  to show [4] that  the  d i s t r ibu t ion  in the  Knudsen l a y e r  may be 
found as  a supe rpos i t l on  of the funct ion of (2) and the  funct ion f ( ~  tha t  sa t i s f ies  the l i n e a r i z e d  kinet ic  
equation 

oh = ] (h), J (h) =-  F ,  f iT) (h '  + f,~' - -  h - -  h 0  ~dP (4) Cy - ~ y  
(N', Yt' ,  Nj) (P) 

The l i n e a r i z e d  co l l i s ion  tnto in teg ra l  of (4) fo r  mo lecu l e s  v ib r a t i ng  as  h a r m o n i c  o s c i l l a t o r s  with 1-  
quan tum t r a n s i t i o n s  t akes  the  fol lowing f o r m :  

s (~,) = F, I si~ []h~-+~ + h:,.,_~ - <,- - h,,., i(~v + ~) N~po~ + 

+ [hi~--t + hi~,+~ -- h~ --  h.,~,] (N~ + l) Npo~ + [hN' + hN,' - -  

--  h~x --  h~-,] [t --  N~(N + l)p0t --  N(N~ + t )Po~l}dP (5) 

H e r e  Pot (g) is the p robab i l i ty  of r e s o n a n t  t r a n s i t i o n  of an o s c i l l a t o r  f r o m  the ground  s ta te  to the  f i r s t  
exc i ted  state  [5]. 

We seek  the solut ion to  (4) with (5) in the f o r m  
oz 

~=o - ~ i  (6) 

H e r e  P(N n) (EN/kTi)  a r e  o r thogona l  po lynomia l s  spec i f i ed  for  a d i s c r e t e  manifold  of v a l u e s  of E N [6], 
wit h 

p(O) D(1) e~ -- E N 

<E,x,> = ENexp - - ~  exp \ kT i ].] ' k 

and ~i  is the mean  v i b r a t i o n a l  energy ,  while  c v is the spec i f ic  heat  of the  v ib ra t iona l  d e g r e e s  of f r e e d o m .  
The  fol lowing is the  m a t r i x  r e p r e s e n t a t i o n  of the  col l i s ion  in tegra l  of (5): 

co 

7~0 

In v iew of the  o r thogona l i ty  of the  combina t ion  

_ A ~ , . ( , o  pN(,~)] (8)  (N~> (N + l) [P~?+)~ PN ('~)] + (N~ + f )  ,~ L~,v-~ - -  

fo r  al l  the po lynomia l s  PN (m) with m r n, we get  

5(~ = S 1(~ (c0 [q(O)' + q?)" _ q(O) _ q1(O)l dP (9) 
(p) 

Lo) Cv l = -k- [ (o)  (c 0 [(1 --  Po,) qO)" + po:q: (1) _ qO)] dP 
(P) 

(10) 

L~ = <PN(n'> S [M(~ [(1 --  Pox) q(Z), __ q(~)] dP (11) 
(p) 

H e r e  I =2,  3, .... , f M  (~ (c) is the  Maxwell  d i s t r ibu t ion  [7]. Then  for  each l we have an independent  k inet ic  
equat ion 

aq(~) = L (0 (qq)) (12) c, - ~ -  
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T h e  d i s t r ibu t ion  ~Oe, and a l so  h, m a y  be  put In the  f o r m  of (6); in f ac t  [8] 

Ai ai (T, T d ') (o) [ EN ~ D (1)c (0) = ,-~ ~k.~-7] S~/~ l) (~), A~ = a2~,~ ~,~/~ 

~ . n  (O)o (0) s t ( m )  (--i)~(m~ l)! XJ B = ,*-N "~h , (X) = ~, (,n +/ ) !  (Z --/)!/! 
U) 

D~C 2 

~ 2 k T  

H e r e  S/(m) (x) a r e  the Sonin p o l y n o m i a l s  [7]. 

T o  d e t e r m i n e  the  s c a l a r  A 3 We need to so lve  the  fol lowing l i n e a r  i n t eg r a l  equat ion [2]: 

\3k~T"- kT kTi~ei ' ] n -~- = J (An) 

_ N '  = Y' i (t(o)'h (~ - 
' , /=r io)  (N' ,  N~', N~) (P)  

(13) 

(14) 

H e r e  Z '  i s  the  p a r t  of the  co l l i s ion  I n t e g r a l  in (1) r e l a t e d  to  the Ine l a s t i c  exchange  of v i b r a t i o n a l  
quanta ,  whi le  r Is  the  r e l a x a t i o n  t i m e  [9]. As  the  lef t  s ide  of (14) ls o r thogona l  fo r  al l  PN (m) fo r  a h a r -  
monic  o s c i l l a t o r  [2, 9], a p a r t  f r o m  P(~  and P(~, we use  the  p r o p e r t y  of (8) to  s e e k  A a in the f o r m  

. (1) (EN ~ ~' S, (~) (15) 
(n) 

T h e  coe f f i c i en t s  an(n) m a y  be found f r o m  (14) by R i t z ' s  method;  but th i s  c o n v e r g e s  r ap id ly  [8], so  it Is b e s t  
to  r e s t r i c t  o n e s e l f  to the  f i r s t  nonze ro  coef f ic ien t  in the  s e r i e s  of (15), and then we get  

ri ~ (g) -- e~ (Td (16) 
a3( l )  ~ - -  c v ( T i )  T i  , .rit 

H e r e  r i ,  r i t  a r e  quan t i t i e s  having the  d i m e n s i o n s  of length,  wi th  r i / r i t  ~ / i / l i t ,  w h e r e  t i a n d / i t  a r e  
the lengths  fo r  the  r e s o n a n t  and ine l a s t i c  exchange  of e n e r g y  quanta  [1]: 

r r  r~t = ~v, v = (8kT / nm) '/', T = 7 (T, T d 

i, ox  

0 0 

~A = [f exp (--G2) (2 --  G2) Pio ( G, G') G3dG l [I exp (--G2) (2 --  G~) P oi X 
0 O 

• (G,G')GadG[ -1, G = g / K ~ m  
3 

15 = [S,/~ (~), Sv(~)h, [A, B]t = f e-~'AL(~) (B) d~ 
(5) 

whi le  P0t (G, G') and Pl0 (G, G') a r e  the  p r o b a b i l i t i e s  of t r a n s i t i o n  f r o m  the  f i r s t  l e v e l s  in i ne l a s t i c  co l l i s ion  
[5, 9], whi le  a p r i m e  r e f e r s  to  G a f t e r  co l l i s ion .  

T h e n  s u p e r p o s i t i o n  of the  so lu t ions  q(/)  of (12) p r o v i d e s  a c o m p l e t e  solut ion to  (4) sub jec t  to  t he  
bounda ry  condi t ions  of (2) and (3). 

It is  r e a d i l y  s een  t ha t  the  b o u n d a r y  condi t ions  f o r  the  v e l o c i t y  and the t e m p e r a t u r e  s tep  def ined by 
m e a n s  of q(0) wi l l  be  a s  fo r  an ideal  m o n a t o m i c  gas .  

Cons ide r  the c a s e / = 1 ;  in a c c o r d a n c e  with the  s imp l i f i ed  f o r m  of the method  of s e m i s p a t i a l  po lynomia l  
expans ions  [10], we r e p r e s e n t  q(l) (y, c) in the  f o r m  

q(1) = qo(1) -k q~(~) ~- q2 (~) ~- qa (~), q0m• = a0 • (y), q~(t)• = a~• (y) ~ 
q~m• = a~• (y) ~,, q3m• = as• (y) & ( o  (~2) 

(17) 
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where  a i  • (Y) sa t i s fy  the fol lowing equat ions :  

~-  2 da~ ~ /--- dal+- 1.2 . + I1 
~-  dy + Vrt---~'J -:  ~---(ai+ -~" al-) S___.~(a0 --  ao-)~ 

q_ __ I, " ~ -  d"~ _ 2 d~'+- I~ + (a0+ _ no-) (a~ + aV) E 
V n  ~ + d:~ = (al+ § a~-) E .~ - -  

_ _  2 d a ' ' - ~  - -  l a  , ' I ~  
--}- dy -- (as+ § as-) -~ _~ (as + - -  as-) E 

+ Z '~+- ~ + (a3 + - a3-) E - - 2  d,d = ( a ~  + + a 3 - ) : ~  

( i8)  

H e r e  

11=  [sign%, sigacuh, 13 = [sign%, cv]l, Is = [cu, %h 
I5 = [ 3 / 2 - - d ' ,  3/~--c~]l  , I4 --  [%sign%, cvsigl~%] 1 

16 = ['S,/: (l) (c z) sign cu, S, (1) (c z) sign %]i 

We in teg ra te  s y s t e m  (18) to  get 

ao -~ = bo• -~'y -[- Co, al :~- ~ bl• -='v 

as +- = b2+-e -~'~, an-  ~ b3+-e -~`v 
(19) 

The  cons tan ts  b~,  bl • b2 +, b3 • and c 0 a r e  d e t e r m i n e d  f r o m  the  boundary  condit ion of (3), (13), and 
(15) t o g e t h e r  with the  condi t ion fo r  c onse rva t i on  of the n o r m a l  component  of the  flux of in te rna l  ene rgy :  

I fM(O)Cv <E,xh (y = 0)) = ~ <ENh (y--> oc)) 
P 

de ]M(O)c~ de (2O) 
(c) (c) 

w h e r e  condit ion (20) is not n e c e s s a r y  f r o m  the viewpoint  of the exact  solut ion to  (12) with l =1 s ince  it 
fol lows f r o m  the  t r a n s p o r t  equat ion fo r  EN; also,  ~ i  > 0 is found f r o m  (18). 

By v i r t ue  of (19), t h e r e  is at the  upper  boundary  of the Knudsen l a y e r  (y ~ o )  a t e m p e r a t u r e  step in 
the v ib ra t i ona l  d e g r e e s  of f r e e d o m :  

A Ti --  cvkTi(Ti) (e) ]M (~ < h  (e, y -+ oo) PN- (~) ~ de (21) 

A T I  -~ ~]i (~) Li (Tw, Tiw) OTiw rl e (Tw) - -  si (Tiw) (22) 
nvcv (Tiw) Oy ~ ~]2 (g) cv(Tiw ) rlt 

H e r e  ~ l (or) and U 2 (~) a r e  n u m e r i c a l  f a c t o r s  dependent  on the d i f fuseness  p a r a m e t e r  e and the  
i n t e r m o l e c u l a r  i n t e rac t ion  potent ia l .  

The  f i r s t  t e r m  in (22) may be de r ived  f r o m  e l e m e n t a r y  cons ide ra t i ons ,  if we i n c o r p o r a t e  the  f u r t h e r  
coef f ic ien t  ~l (cr), on the  a s s u m p t i o n  that  the flux of mo lecu le s  Incident  on the wal l  c a r r i e s  ene rgy  e i = k T  i. 

The  s econd  t e r m  in (22) cannot be de r ived  in th is  way,  so t w o - t e m p e r a t u r e  re laxa t ion  is not d e s c r i b e d  
by the e l e m e n t a r y  t h e o r y  of t r a n s p o r t  phenomena .  

In conc lus ion  we c o n s i d e r  the  de r iva t ion  of the  boundary  condit ions fo r  a flow in a boundary  l a y e r  [2]. 
In this case the distribution of (2) does not contain A3, so in (17) and (18) we need to put a2 :~ = a3 ~: = 0, The 
integrals I i - I  4 can be calculated analytically by using a collision model [11] for the resonant transitions: 

Sl = - -  [ V 2 - +  0 s ( V ' 2 -  ~t,)] (n I l), [ s  = - [ l  + a 14 + 0 ~ (n 14  + 5/~ l (a / l) 

s3 = -  (%) [~ - 0q (~ !z), s ,  = - [s13 - V ~ +  0 ~ (% - P - ~ - ~ ) ]  i~ / z) 
0 ~ = (~ / ~v) ~ (kr / m) (23) 

H e r e  l = (u  nd 2 ~r2)-l, while  d is the  e f fec t ive  d i a m e t e r  of the molecu le  in the f o r m  of a sol id  sphere  
with the  L e n n a r d - J o n e s  potent ia l  [11]; while  ~ is a cons tant  chosen  f r o m  the c h a r a c t e r i s t i c s  of the  L e n n a r d -  
Jones  potent ia l  [5] and v is the f r equency  of a quantum. 

T h e  coef f ic ien t  771 (or) in this  case  is 
/ a  2 - - ~  ( 2 - - ~ ) 4 D / ( 1 - - 0  z) 

~h (z) = ~-~--y-  + 0.7052 -- 0.918002) 2 -  ~ -  i.783~ (i --t.98130"-) (24) 
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~1 (i) ---- (0.8427 ~- 0.386602) (2D / (i --  02)) (25) 

D = S-~ (kT I rim) '/' 

Here  D is the se l f -d i f fus ion coefficient  [7]. 

It is readi ly  seen  that  the resonant  t r ans i t ions  i nc r ea se  ~1 by a fac tor  propor t iona l  to ~ 02. 

Then in the boundary layr with ( 1 - T i w / T w )  ~ 1 (highly noaequi l ibr ium wall) the conditions for  the 
ve loc i ty  and t e m p e r a t u r e  s tep for  the t r ans la t iona l  degrees  of f r eedom a re  as for  a monatomlc  ideal gas. 
Also,  t he r e  is a t e m p e r a t u r e  discontinuity AT 1 in the v ibra t iona l  degrees  of f r eedom,  which is respons ib le  
In the genera l  case  for  a t e m p e r a t u r e  gradient  in Ti, and also for  the re laxat ion.  

If T w =Tiw (equil ibr ium wall), we get f r o m  (22) that  the pa r t  of AT respons ib le  for  the t r a n s p o r t  of 
in ternal  energy is p ropor t iona l  only to X t(Tw) 0 T w / 0 y ;  this  ag rees  with the  resu l t  of [3] apar t  f r o m  the 
f ac to r  ~? l(a) ff we bea r  in mind that  the bulk v i scos i ty  coefficient ~ appear ing  in (43) in [3] for  AT is ze ro  
for  the p re sen t  model for  the medium [2]. 
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